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Abstract
Under the assumption that μ is a non-doubling measure on Rd , the author proves that for the multilin-
ear Calderón–Zygmund operator, its boundedness from the product of Hardy space H 1(μ) × H 1(μ) into
L1/2(μ) implies its boundedness from the product of Lebesgue spaces Lp1(μ) × Lp2(μ) into Lp(μ) with
1 < p1,p2 < ∞ and p satisfying 1/p = 1/p1 + 1/p2.
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1. Introduction
We will work on Rd with a non-negative Radon measure μ which only satisfies the following
growth condition that there exist constants C0 > 0 and n ∈ (0, d] such that
μ
(
B(x, r)
)
 C0rn (1.1)
for all x ∈ Rd and r > 0, where B(x, r) = {y ∈ Rd : |y − x| < r}. The measure μ is not as-
sumed to satisfy the doubling condition which is an essential assumption in the classical theory
of harmonic analysis. We recall that μ is said to satisfy the doubling condition if there exists
some positive constant C such that μ(B(x,2r)) Cμ(B(x, r)) for all x ∈ suppμ and r > 0. In
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and the boundedness of Calderón–Zygmund operators on these spaces and show that the dou-
bling condition is superfluous for the most part of the classical theory; see [2,8–11,14] and their
references. The analysis with non-doubling measures is proved to play a striking role in solving
the long-standing open Painlevé’s problem by Tolsa [13]; see also [15] for more background of
analysis with non-doubling measures.
The purpose of this paper is to establish the boundedness of the multilinear Calderón–
Zygmund operator on the product of Lebesgue spaces with non-doubling measures under the
hypothesis that it is bounded from H 1(μ) × H 1(μ) into L1/2(μ).
Let K(x,y1, y2) be a locally function defined away from the diagonal on x = y1 = y2
in (Rd)3, which satisfies the size condition that∣∣K(x,y1, y2)∣∣ C 1
(|x − y1| + |x − y2|)2n (1.2)
for all (x, y1, y2) ∈ (Rd)3 with x = yi for some i. Furthermore, assume that∣∣K(x,y1, y2) − K(x′, y1, y2)∣∣ C |x − x′|δ
(|x − y1| + |x − y2|)2n+δ (1.3)
for max{|x − y1|, |x − y2|} 2|x − x′| and also that∣∣K(x,y1, y2) − K(x,y′1, y2)∣∣ C |y1 − y′1|δ(|x − y1| + |x − y2|)2n+δ (1.4)
for max{|x − y1|, |x − y2|} 2|y1 − y′1| and∣∣K(x,y1, y2) − K(x,y1, y′2)∣∣ C |y2 − y′2|δ(|x − y1| + |x − y2|)2n+δ (1.5)
for max{|x − y1|, |x − y2|} 2|y2 − y′2|, where δ > 0 and C > 0 are constants. The multilinear
Calderón–Zygmund operator associated to the above kernel K and the measure μ can be formally
defined by
T (f1, f2)(x) =
∫
Rd
∫
Rd
K(x, y1, y2)f1(y1)f2(y2) dμ(y1) dμ(y2). (1.6)
This multiple integral may be not convergent even for bounded functions with compact support.
So we introduce the truncated operator T for  > 0, defined by
T(f1, f2)(x) =
∫ ∫
|x−y1|2+|x−y2|2>2
K(x,y1, y2)f1(y1)f2(y2) dμ(y1) dμ(y2). (1.7)
We say that the multilinear Calderón–Zygmund operator T formally defined by (1.6) is bounded
on the product of Lebesgue spaces Lp1(μ) × Lp2(μ) for 1 < p1,p2 < ∞ if T are bounded
on Lp1(μ) × Lp2(μ) uniformly on  > 0 and T is bounded on the product of Hardy spaces
H 1(μ) × H 1(μ) if T are bounded on H 1(μ) × H 1(μ) uniformly on  > 0.
In [1], Coifman and Meyer firstly introduced the multilinear Calderón–Zygmund operator
with Lebesgue measures. Later, Grafakos and Torres [3] established a systematic treatment
of multilinear Calderón–Zygmund operators, including the boundedness on the products of
Lebesgue spaces and Hardy spaces and multilinear T1 theorem. Recently, Xu [16] consid-
ered the boundedness of the multilinear Calderón–Zygmund operator with non-doubling mea-
sures and proved it is bounded from Lp1(μ) × Lp2(μ) into Lp(μ) with 1 < p1,p2 < ∞ and
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L1/2(μ). In this paper, we will prove that the boundedness of the multilinear Calderón–Zygmund
operator from H 1(μ)×H 1(μ) into L1/2(μ) implies its boundedness from Lp1(μ)×Lp2(μ) into
Lp(μ) with 1 < p1,p2 < ∞ and p satisfying 1/p = 1/p1 + 1/p2. Our result is new even when
the measure μ is the d-dimensional Lebesgue measure.
To state our result, we first recall the Hardy space H 1(μ) with non-doubling measures.
Definition 1.1. Given f ∈ L1loc(μ), we set
MΦf (x) = sup
ϕ∼x
∣∣∣∣
∫
Rd
f (y)ϕ(y) dμ(y)
∣∣∣∣,
where the notation ϕ ∼ x means that ϕ ∈ L1(μ) ∩ C1(Rd) and satisfies
(i) ‖ϕ‖L1(μ)  1,
(ii) 0 ϕ(y) 1|y−x|n for all y ∈ Rd , and
(iii) |∇ϕ(y)| 1|y−x|n+1 for all y ∈ Rd , where ∇ = (∂/∂x1, . . . , ∂/∂xd).
Based on Theorem 1.2 of Tolsa in [14], we define the Hardy space H 1(μ) as follows.
Definition 1.2. The Hardy space H 1(μ) is the set of all functions f ∈ L1(μ) satisfying that∫
Rd
f dμ = 0 and MΦf ∈ L1(μ). Moreover, we define the norm of f ∈ H 1(μ) by
‖f ‖H 1(μ) = ‖f ‖L1(μ) + ‖MΦf ‖L1(μ).
Here is the main result of this paper.
Theorem 1. Let K be a locally function defined away from the diagonal on x = y1 = y2 in (Rd)3
satisfying (1.2)–(1.5). Let T and T be the same as in (1.6) and (1.7), respectively. Suppose that T
is bounded from H 1(μ)×H 1(μ) into L1/2(μ). Then T extends boundedly from Lp1(μ)×Lp2(μ)
into Lp(μ) with 1 < p1,p2 < ∞ and p satisfying 1/p = 1/p1 + 1/p2.
Remark 1. For m ∈ N, the m-multilinear Calderón–Zygmund operator can be formally defined
by
T (f1, . . . , fm)(x) =
∫
Rd
· · ·
∫
Rd
K(x, y1, . . . , ym)
m∏
i=1
fi(yi) dμ(y1) · · ·dμ(ym)
with suitable kernel K . It is unclear whether the m-multilinear Calderón–Zygmund operator is
bounded from Lp1(μ) × · · · × Lpm(μ) into Lp(μ) for 1 < p1, . . . , pm < ∞ and p satisfying
1/p = 1/p1 + · · · + 1/pm under the assumption that it is bounded from H 1(μ) × · · · × H 1(μ)
into L1/m(μ). In fact, to prove the case of m > 2, a suitable variant with non-doubling measures
of Lemma 2.1 in [4] is important. However, this result is not available till now.
In what follows, C always denotes a positive constant that is independent of the main parame-
ters involved but whose value may differ from line to line. Constants with subscripts, such as C1,
do not change in different occurrences. For f ∼ g, we mean that the ratio f/g is bounded and
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is f  g.
2. Multilinear interpolation theorem
In this section, we will establish a multilinear interpolation theorem with non-doubling mea-
sures which plays an important role in the proof of Theorem 1 and also has independent interest.
Before stating our interpolation theorem, we recall some necessary definitions and notation.
In this paper, unless otherwise stated, any cube will be a closed cube in Rd with sides parallel to
the axes. For any cube Q ⊂ Rd , we denote its side length by l(Q) and its center by xQ. Let α > 1
and β > αn. We say that a cube Q is (α,β)-doubling if μ(αQ)  βμ(Q), where αQ denotes
the cube with the same center as Q and l(αQ) = αl(Q). In what follows, by a doubling cube we
mean a (2,2d+1)-doubling cube. Especially, for any given cube Q, we denote by Q˜ the smallest
doubling cube in the family {2kQ}k0. Given two cubes Q ⊂ R in Rd , set
KQ,R = 1 +
NQ,R∑
k=1
μ(2kQ)
l(2kQ)n
,
where NQ,R is the smallest positive integer k such that l(2kQ) l(R); see [12].
Definition 2.1. Let ρ > 1 be fixed. A function f ∈ L1loc(μ) is said to be in RBMO(μ) if there
exists a constant C > 0 such that for any cube Q centered at some point of supp(μ),
1
μ(ρQ)
∫
Q
∣∣f (y) − mQ˜(f )∣∣dμ(y)C,
and for any two doubling cube Q ⊂ R,∣∣mQ(f ) − mR(f )∣∣CKQ,R,
where mQ(f ) denotes the mean of f over the cube Q. The minimal constant C as above is
defined to be the RBMO(μ) norm of f and denoted by ‖f ‖∗.
It was pointed by Tolsa [12] that the definition of RBMO(μ) is independent of the choice of
numbers ρ > 1.
Theorem 2. Let T be a multilinear operator. Suppose that
(i) T is bounded from H 1(μ) × H 1(μ) into L1/2(μ);
(ii) T is bounded from H 1(μ) × L∞(μ) into L1(μ) and from L∞(μ) × H 1(μ) into L1(μ);
(iii) T is bounded from L∞(μ) × L∞(μ) into RBMO(μ).
Then T extends boundedly from Lp1(μ) × Lp2(μ) into Lp(μ) with 1 < p1,p2 < ∞ and p
satisfying 1/p = 1/p1 + 1/p2.
In [12], Tolsa proved that if a linear operator T is bounded from H 1(μ) into L1(μ) and
from L∞(μ) into RBMO(μ), then T can be boundedly extended from Lp(μ) into Lp(μ) with
1 < p < ∞. Theorem 2 is a multilinear version of the linear interpolation theorem.
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tion with non-doubling measures. For any f ∈ Lloc(μ), let M
f be the sharp maximal function
defined by
M
f (x) = sup
Qx
1
μ( 32Q)
∫
Q
∣∣f (y) − mQ˜(f )∣∣dμ(y) + sup
x∈Q⊂R
Q,R doubling
|mQ(f ) − mR(f )|
KQ,R
and Nf be the non-centered doubling maximal function defined by
Nf (x) = sup
Qx
Qdoubling
1
μ(Q)
∫
Q
∣∣f (y)∣∣dμ(y).
For any 0 < r < 1, set
M
r (f )(x) =
{
M

(|f |r)(x)}1/r
and
Nr(f )(x) =
{
N
(|f |r)(x)}1/r .
By the Lebesgue differential theorem, it is easy to see that for any f ∈ L1loc(μ) and μ-a.e. x ∈ Rd ,∣∣f (x)∣∣Nf (x). (2.1)
Lemma 2.1. (See [12].) Let f ∈ L1loc(μ) with
∫
Rd
f (y) dμ(y) = 0 if ‖μ‖ < ∞. For 1 < p < ∞,
if inf(1,Nf ) ∈ Lp(μ), then we have
‖Nf ‖Lp(μ) C
∥∥M
f ∥∥
Lp(μ)
.
To prove Theorem 2, we also need the atomic characterization of H 1(μ) as follows.
Definition 2.2. Let ρ > 1 and 1 < p ∞. A function b ∈ L1loc(μ) is called a p-atomic block if
(1) there exists some cube R such that supp(b) ⊂ R,
(2) ∫
Rd
b dμ = 0,
(3) for j = 1,2, there are functions aj supported on cube Qj ⊂ R and numbers λj ∈ R such
that b = λ1a1 + λ2a2, and
‖aj‖Lp(μ) 
[
μ(ρQj )
]1/p−1[KQj ,R]−1.
Then we define
|b|
H
1,p
atb (μ)
= |λ1| + |λ2|.
We say that f ∈ H 1,patb (μ) if there are p-atomic blocks {bi}i∈N such that
f =
∞∑
i=1
bi
with
∑∞
i=1 |bi |H 1,patb (μ) < ∞. The H
1,p
atb (μ) norm of f is defined by
‖f ‖
H
1,p
atb (μ)
= inf
{∑
i
|bi |H 1,patb (μ)
}
,
where the infimum is taken over all the possible decompositions of f into p-atomic blocks.
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nition of H 1,patb (μ) is independent of the chosen constant ρ > 1, and for any 1 < p ∞, all the
atomic Hardy spaces H 1,patb (μ) are just the Hardy space H 1(μ) with equivalent norms.
Proof of Theorem 2. Let 0 < r < 1/2. Our first goal is to prove that for all bounded functions
with compact support and moment condition, f1 and f2,
sup
λ>0
λpμ
({
x ∈ Rd : M
r
[
T (f1, f2)
]
(x) > λ
})

[‖f1‖Lp1 (μ)‖f2‖Lp2 (μ)]p (2.2)
with 1 < p1,p2 < ∞ and p satisfying 1/p = 1/p1 + 1/p2.
By the homogeneity, we may assume that ‖fi‖Lpi (μ) = 1 for i = 1,2.
For each fixed λ > 0, applying the Calderón–Zygmund decomposition to fi at level λp/pi
for i = 1,2 (with λp > 2d+1‖f1‖pLp1 (μ)‖f2‖pLp2 (μ)/‖μ‖ if ‖μ‖ < ∞, note that if ‖μ‖ < ∞ and
λp  2d+1‖f1‖pLp1 (μ)‖f2‖pLp2 (μ)/‖μ‖, then the inequality is trivial), we can obtain a sequence
of cubes {Qij } with almost disjoint interiors (i.e. with a bounded overlap) such that
(i) 1
μ(2Qij )
∫
Qij
|fi(x)|pi dμ(x) > λp/pi2d+1 ;
(ii) 1
μ(2ηQij )
∫
ηQij
|fi(x)|pi dμ(x) λp/pi2d+1 for any η > 2;
(iii) |fi(x)| λp/pi , μ-a. e. x ∈ Rd\⋃j Qij ;
(iv) for each j , let ωij = χQij /
∑
k χQik
and Rij be the smallest (6,6n+1)-doubling cube of the
family {6kQij }k1. There exists a family of functions ϕij such that suppϕij ⊂ Rij ,∫
Rd
ϕij (x) dμ(x) =
∫
Qij
fi(x)ω
i
j (x) dμ(x),
∑
j
∣∣ϕij (x)∣∣ Cλp/pi
and [∫
Rij
∣∣ϕij (x)∣∣pi dμ(x)
]1/pi
μ
(
Rij
)(pi−1)/pi  C
λ(pi−1)p/pi
∫
Qij
∣∣fi(x)∣∣pi dμ(x);
see [12, Lemma 7.3] for details. For i = 1,2, set
gi(x) = fi(x)χRd\⋃j Qij (x) +
∑
j
ϕij (x)
and
hi(x) = fi(x) − gi(x).
Obviously,
‖gi‖L∞(μ)  λp/pi
and
‖hi‖H 1(μ)  λ(−pi+1)p/pi‖f ‖pipi .L (μ)
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M
r (f )(x)M
(f )(x);
see [5]. Then from the boundedness of T from L∞(μ) × L∞(μ) into RBMO(μ), it follows that∥∥M
r [T (g1, g2)]∥∥L∞(μ)  ∥∥M
[T (g1, g2)]∥∥L∞(μ)  λ.
This leads to
μ
({
x ∈ Rd : M
r
[
T (f1, f2)
]
(x) > λ
})
 μ
({
x ∈ Rd : Mr,(3/2)
[
T (h1, h2)
]
(x) > λ
})
+ μ({x ∈ Rd : Mr,(3/2)[T (g1, h2)](x) > λ})
+ μ({x ∈ Rd : Mr,(3/2)[T (h1, g2)](x) > λ})
= I1 + I2 + I3,
where for 0 < s < ∞ and η > 1, Ms,(η) is defined by
Ms,(η)f (x) = sup
Qx
{
1
μ(ηQ)
∫
Q
∣∣f (y)∣∣s dμ(y)}1/s
and we denote Ms,(η) simply by M(η) when s = 1.
The boundedness of T from H 1(μ) × H 1(μ) into L1/2(μ) along with the boundedness
of M(3/2) from L1(μ) to weak L1(μ) (see [12]) gives us that
I1  μ
({
x ∈ Rd : M(3/2)
[∣∣T (h1, h2)χ{x∈Rd : |T (h1,h2)(x)|>λ}∣∣r](x) > λr})
 λ−r
∫
Rd
∣∣T (h1, h2)(x)χ{x∈Rd : |T (h1,h2)(x)|>λ}(x)∣∣r dμ(x)
 λ−rμ
({
x ∈ Rd : ∣∣T (h1, h2)(x)∣∣> λ})
λ∫
0
sr−1 ds
+ λ−r
∞∫
λ
sr−3/2s1/2μ
({
x ∈ Rd : ∣∣T (h1, h2)(x)∣∣> s})ds
 μ
({
x ∈ Rd : ∣∣T (h1, h2)(x)∣∣> λ})
+ λ−1/2 sup
sλ
s1/2μ
({
x ∈ Rd : ∣∣T (h1, h2)(x)∣∣> s})
 λ−1/2‖h1‖1/2H 1(μ)‖h2‖
1/2
H 1(μ)
 λ−p.
On the other hand, from the boundedness of T from H 1(μ) × L∞(μ) into L1(μ) and the in-
equality
supμ
({
x ∈ Rd : Mr,(3/2)u(x) > λ
})
 λ−1 sup σμ
({
x ∈ Rd : u(x) > σ});λ>0 σ>0
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I2 
1
λ
sup
σ>0
σμ
({
x ∈ Rd : ∣∣T (h1, g2)(x)∣∣> σ}) 1
λ
‖h1‖H 1(μ)‖g2‖L∞(μ) 
1
λp
and
I3  λ−p,
which together with the estimates for I1 and I2 indicates (2.2).
We can now conclude the proof of Theorem 2. For any 1 < p1,p2 < ∞ and p with 1/p =
1/p1 + 1/p2, we will prove that M
r is bounded from Lp1(μ) × Lp2(μ) into Lp(μ). Fixed p2,
consider two points p1 −  and p1 +  such that 1 < p1 − ,p1 +  < ∞. By the same argument
as in the proof of the Marcinkiewicz interpolation theorem, we easily see that M
r (f1, f2) is
bounded from Lp1(μ) × Lp2(μ) into Lp(μ).
To prove that T is also bounded from Lp1(μ)×Lp2(μ) into Lp(μ) with 1 < p1,p2 < ∞ and
1/p = 1/p1 + 1/p2, we consider the following two cases.
Case I. ‖μ‖ = ∞. In this case, for bounded functions with compact support and moment con-
dition, f1 and f2, we see that f1, f2 ∈ H 1(μ). Then T (f1, f2) is in L1/2(μ). It is easy to check
that for any 0 < r < 1/2 and any p > 1/2,
inf
{
1,N
(∣∣T (f1, f2)∣∣r)} ∈ Lp/r(μ).
It follows from Lemma 2.1 and the boundedness of M
r (T ) from Lp1(μ) × Lp2(μ) into Lp(μ)
that for all bounded functions with compact support and moment condition, f1 and f2,∥∥T (f1, f2)∥∥pLp(μ) 
∫
Rd
[
N
(∣∣T (f1, f2)∣∣r)]p/r dμ

∫
Rd
[
M

(∣∣T (f1, f2)∣∣r)]p/r dμ
 ‖f1‖pLp1 (μ)‖f2‖pLp2 (μ).
A standard density argument then gives the desired estimate for T .
Case II. ‖μ‖ < ∞. In this case, for each bounded function with compact support and moment
condition, f1 and f2, it is easy to verify that for i = 1,2,
‖fi‖H 1(μ)  ‖μ‖1−1/pi‖f ‖Lpi (μ).
Write ∣∣T (f1, f2)(x)∣∣

{
N
[∣∣T (f1, f2)∣∣r − 1
μ(Rd)
∫
Rd
∣∣T (f1, f2)∣∣r dμ
]
(x)
}1/r
+
[∫
d
∣∣T (f1, f2)(y)∣∣r dμ(y)
]1/rR
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[∫
Rd
∣∣T (f1, f2)(y)∣∣r dμ(y)
]1/r
.
The same argument as in the case of ‖μ‖ = ∞ gives us the desired estimate for I(x). Recall that
T is bounded from H 1(μ) × H 1(μ) to L1/2(μ). A trivial computation leads to that∫
Rd
∣∣T (f1, f2)(y)∣∣r dμ(y)

‖f1‖H1(μ)‖f2‖H1(μ)∫
0
λr−1μ
({
y ∈ Rd : ∣∣T (f1, f2)(y)∣∣> λ})dλ
+
∞∫
‖f1‖H1(μ)‖f2‖H1(μ)
λr−1μ
({
y ∈ Rd : ∣∣T (f1, f2)(y)∣∣> λ})dλ
 ‖f1‖rH 1(μ)‖f2‖rH 1(μ)
 ‖f1‖rLp1 (μ)‖f2‖rLp2 (μ).
This completes the proof of Theorem 2. 
3. Proof of Theorem 1
We begin with a characterization of the space RBMO(μ).
Definition 3.1. Let ρ > 1 and 0 < p < ∞. A function f ∈ L1loc(μ) is said to belong to the space
RBMOpρ (μ) if there exist a constant C > 0 and a collection of numbers fQ (i.e., for each cube Q,
there exists a number fQ) such that
sup
Q
1
μ(ρQ)
∫
Q
∣∣f (x) − fQ∣∣p dμ(x)Cp (3.1)
and
|fQ − fR| CKQ,R. (3.2)
The minimal constant C in (3.1) and (3.2) is defined to be the RBMOpρ (μ) norm of f .
Lemma 3.1. Let ρ > 1 and 0 < p < ∞. Then the spaces RBMOpρ (μ) and RBMO(μ) coincide
and their norms are equivalent.
The above characterization of the space RBMO(μ) was proved by Tolsa for the case p  1
and by Hu, Wang and Yang for the case of 0 < p < 1; see [12] and [6], respectively. In the
following proof of Theorem 1, we always choose p = 1/2.
Proof of Theorem 1. It is enough to verify that T satisfies the conditions (ii) and (iii) in The-
orem 2. We will prove Theorem 1 by two steps. In first step, we will establish the boundedness
of T from L∞(μ)×L∞(μ) into RBMO(μ) under the hypothesis of Theorem 1. In step two, we
will prove that T is bounded from H 1(μ) × L∞(μ) (and L∞(μ) × H 1(μ)) into L1(μ).
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Q
∣∣T(a1, a2)(x)∣∣1/2 dμ(x) Cμ
(
3
2
Q
)
‖a1‖1/2L∞(μ)‖a2‖1/2L∞(μ), (3.3)
where C > 0 is a constant independent of  > 0.
Assume first l(Q) diam(supp(μ))/20. Let x0 ∈ supp(μ) be the point (or one of the points)
in Rd \ (5Q)◦ which is closest to Q, where (5Q)◦ is the set of all interior points of 5Q. We
denote dist(x0,Q) by d0. Assume that x0 is a point such that some cube with side length 2−id0
and centered at x0, i  2, is doubling. Otherwise, we choose y0 in supp(μ) ∩ B(x0, l(Q)/100)
such that this is true for y0, and we interchange x0 with y0; see [12, pp. 136–137]. Denote by
R a cube concentric with Q with side length max{10d0, l(Q˜)}. Let Q0 be the biggest doubling
cube centered at x0 with side length 2−id0, i  2. Then it is easy to check Q,Q0 ⊂ R, KQ˜,R  1,
KQ,R  1, KQ0,R  1 and dist(Q0,Q) l(Q).
Let gi = ai +CiQ0χQ0, where for i = 1,2, CiQ0 is a constant such that
∫
Rd
gi dμ = 0. Then gi
is an atomic block supported in R and
‖gi‖H 1(μ)  μ
(
3
2
Q
)
‖ai‖L∞(μ). (3.4)
It follows from (1.2) that for x ∈ Q,
∣∣T(g1,C2Q0χQ0)(x)∣∣
∫
Rd
∫
Rd
|g1(y1)C2Q0χQ0(y2)|
(|x − y1| + |x − y2|)2n dμ(y1) dμ(y2)
 ‖g1‖L∞(μ)
|C2Q0 |μ(Q0)
dist(Q,Q0)n
 ‖a1‖L∞(μ)‖a2‖L∞(μ) (3.5)
and ∣∣T(C1Q0χQ0 , g2)(x)∣∣ ‖a1‖L∞(μ)‖a2‖L∞(μ). (3.6)
Thus, by the boundedness of T from H 1(μ) × H 1(μ) into L1/2(μ), (3.5), (3.6) and (3.4), we
easily see that∫
Q
∣∣T(a1, a2)(x)∣∣1/2 dμ(x)

∫
Q
∣∣T(g1, g2)(x)∣∣1/2 dμ(x) + ∫
Q
∣∣T(g1,C2Q0χQ0)(x)∣∣1/2 dμ(x)
+
∫
Q
∣∣T(C1Q0χQ0 , g2)(x)∣∣1/2 dμ(x)
 μ
(
3
2
Q
)
‖a1‖1/2L∞(μ)‖a2‖1/2L∞(μ).
If l(Q) > diam(supp(μ))/20, we may assume Q is centered at some point of supp(μ)
and l(Q)  4 diam(supp(μ)). Then Q ∩ supp(μ) can be covered by a finite number of cubes,
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on d . For i = 1,2, set
aij =
χQj∑J
k=1 χQk
ai .
Write∫
Q
∣∣T(a1, a2)(x)∣∣1/2 dμ(x)

J∑
j=1
∫
Q\2Qj
∣∣T(a1j , a2)(x)∣∣1/2 dμ(x)
+
J∑
j=1
J∑
l=1
∫
(Q\2Ql)∩2Qj
∣∣T(a1j , a2l )(x)∣∣1/2 dμ(x)
+
J∑
j=1
J∑
l=1
∫
2Ql∩2Qj
∣∣T(a1j , a2l )(x)∣∣1/2 dμ(x)
= L1 + L2 + L3.
By (1.2) and the Hölder inequality, it is easy to see that
L1 
J∑
j=1
∫
Q\2Qj
[∫
Qj
∫
Q
|a1j (z1)a2(z2)|
(|x − z1| + |x − z2|)2n dμ(z2) dμ(z1)
]1/2
dμ(x)
 ‖a2‖1/2L∞(μ)
J∑
j=1
∫
Q\2Qj
[∫
Qj
|a1j (z1)|
|x − z1|n dμ(z1)
]1/2
dμ(x)
 ‖a2‖1/2L∞(μ)
J∑
j=1
[ ∫
Q\2Qj
∫
Qj
|a1j (z1)|
|x − z1|n dμ(z1) dμ(x)
]1/2[
μ(Q)
]1/2
 J‖a1‖1/2L∞(μ)‖a2‖1/2L∞(μ)μ(Q).
An argument similar to the estimate for L1 leads to
L2  J 2‖a1‖1/2L∞(μ)‖a2‖1/2L∞(μ)μ(Q).
On the other hand, from the choice of Qj and Ql , it follows that 2Qj ⊂ 8Ql if 2Qj ∩ 2Ql = ∅.
Noting that (3.3) is true if we replace Q by 8Ql which contains the support of a1j and a2l , we
have
L3  J 2‖a1‖1/2L∞(μ)‖a2‖1/2L∞(μ)μ
(
3
2
Q
)
.
So (3.3) also holds in this case.
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L∞(μ) into RBMO(μ) for fi ∈ L∞(μ)∩Lpi (μ) with 1 < pi < ∞ for i = 1,2. By Lemma 3.1,
it suffice to proving that for any cube Q,
1
μ(2Q)
∫
Q
∣∣T(f1, f2)(x) − hQ∣∣1/2 dμ(x) C‖f1‖1/2L∞(μ)‖f2‖1/2L∞(μ), (3.7)
and for any cube Q ⊂ R,
|hQ − hR| CKQ,R‖f1‖1/2L∞(μ)‖f2‖1/2L∞(μ), (3.8)
where C > 0 is a constant independent of  > 0 and for any cube Q ⊂ Rd ,
hQ = mQ
[
T(f1χRd\ 43 Q,f2χRd\ 43 Q)
]
.
To verify (3.7), we first write
1
μ(2Q)
∫
Q
∣∣T(f1, f2)(x) − hQ∣∣1/2 dμ(x)
 1
μ(2Q)
∫
Q
∣∣T(f1χ 4
3 Q
,f2χ 4
3 Q
)(x)
∣∣1/2 dμ(x)
+ 1
μ(2Q)
∫
Q
∣∣T(f1χRd\ 43 Q,f2χ 43 Q)(x)∣∣1/2 dμ(x)
+ 1
μ(2Q)
∫
Q
∣∣T(f1χ 4
3 Q
,f2χRd\ 43 Q)(x)
∣∣1/2 dμ(x)
+ 1
μ(2Q)
∫
Q
∣∣T(f1χRd\ 43 Q,f2χRd\ 43 Q)(x) − hQ∣∣1/2 dμ(x)
= M1 + M2 + M3 + M4.
From (3.3), it follows that
M1  ‖f1‖1/2L∞(μ)‖f2‖1/2L∞(μ).
By (1.2), we easily obtain that for any x ∈ Q,∣∣T(f1χRd\ 43 Q,f2χ 43 Q)(x)∣∣
∫
Rd\ 43 Q
∫
4
3 Q
|f1(y1)f2(y2)|
(|x − y1| + |x − y2|)2n dμ(y2) dμ(y1)
 ‖f2‖L∞(μ)μ
(
4
3
Q
) ∫
Rd\ 43 Q
|f1(y1)|
|x − y1|2n dμ(y1)
 ‖f1‖L∞(μ)‖f2‖L∞(μ)
and then
M2  ‖f1‖1/2∞ ‖f2‖1/2∞ .L (μ) L (μ)
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M3  ‖f1‖1/2L∞(μ)‖f2‖1/2L∞(μ).
It remains to estimate M4. For any x, y ∈ Q, we first have that∣∣T(f1χRd\ 43 Q,f2χRd\ 43 Q)(x) − T(f1χRd\ 43 Q,f2χRd\ 43 Q)(y)∣∣

∫ ∫
|x−z1|2+|x−z2|2>2
|y−z1|2+|y−z2|2>2
∣∣K(x, z1, z2) − K(y, z1, z2)∣∣
× ∣∣f1(z1)χRd\ 43 Q(z1)f2(z2)χRd\ 43 Q(z2)∣∣dμ(z1) dμ(z2)
+
∫ ∫
|x−z1|2+|x−z2|2>2
|y−z1|2+|y−z2|22
∣∣K(x, z1, z2)f1(z1)χRd\ 43 Q(z1)
× f2(z2)χRd\ 43 Q(z2)
∣∣dμ(z1) dμ(z2)
+
∫ ∫
|x−z1|2+|x−z2|22
|y−z1|2+|y−z2|2>2
∣∣K(y, z1, z2)f1(z1)χRd\ 43 Q(z1)
× f2(z2)χRd\ 43 Q(z2)
∣∣dμ(z1) dμ(z2)
= P1 + P2 + P3.
By (1.3), it is easy to deduce that
P1  ‖f ‖L∞(μ)‖f2‖L∞(μ).
Noting that x, y ∈ Q and z1, z2 ∈ Rd \ 43Q, we have that
P2 
∫ ∫
(|x−z1|2+|x−z2|2)/42|x−z1|2+|x−z2|2
|f1(z1)f2(z2)|
(|x − z1| + |x − z2|)2n dμ(z1) dμ(z2)
 ‖f1‖L∞(μ)‖f2‖L∞(μ).
An argument similar to the estimate for P2 gives us the desired estimate for P3, which together
with the estimates for P1 and P2 shows that
M4  ‖f1‖1/2L∞(μ)‖f2‖1/2L∞(μ).
Combining the estimates for Mi (i = 1,2,3,4) leads to (3.7).
Now we check (3.8) for the chosen {hQ}Q. Write
|hQ − hR|

∣∣mQ(T[f1χ 4
3 R\ 43 Q,f2χ 43 R\ 43 Q]
)∣∣+ ∣∣mQ(T[f1χRd\ 43 R,f2χ 43 R\ 43 Q])∣∣
+ ∣∣mQ(T[f1χ 4
3 R\ 43 Q,f2χRd\ 43 R]
)∣∣
+ ∣∣mQ(T[f1χRd\ 43 R,f2χRd\ 43 R])− mR(T[f1χRd\ 43 R,f2χRd\ 43 R])∣∣
= U1 + U2 + U3 + U4.
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U1 
1
μ(Q)
∫
Q
∫
4
3 R\ 43 Q
∫
4
3 R\ 43 Q
|f1(z1)f2(z2)|
(|x − z1| + |x − z2|)2n dμ(z2) dμ(z1) dμ(x)
 ‖f1‖L∞(μ)‖f2‖L∞(μ) 1
μ(Q)
∫
Q
∫
2Q\ 43 Q
1
|x − z1|n dμ(z1) dμ(x)
+ ‖f1‖L∞(μ)‖f2‖L∞(μ) 1
μ(Q)
∫
Q
N2Q,R∑
k=1
∫
2k+1Q\2kQ
1
|x − z1|n dμ(z1) dμ(x)
+ ‖f1‖L∞(μ)‖f2‖L∞(μ) 1
μ(Q)
∫
Q
∫
4
3 R\R
1
|x − z1|n dμ(z1) dμ(x)
KQ,R‖f1‖L∞(μ)‖f2‖L∞(μ).
Some calculations completely similar to the estimate for U1 tells us that
U2 KQ,R‖f1‖L∞(μ)‖f2‖L∞(μ)
and
U3 KQ,R‖f1‖L∞(μ)‖f2‖L∞(μ).
An argument similar to the estimate for M4 gives us that
U4  ‖f1‖L∞(μ)‖f2‖L∞(μ).
Combining the estimates for Ui (i = 1,2,3,4) yields (3.8).
Step II. To prove that T is bounded from H 1(μ)×L∞(μ) (and L∞(μ)×H 1(μ)) into L1(μ), we
first verify that for any cube Q and any bounded function a1 supported on Q and other bounded
function a2,∫
Q
∣∣T(a1, a2)(x)∣∣dμ(x) C‖a1‖L∞(μ)‖a2‖L∞(μ)μ
(
3
2
Q
)
, (3.9)
where C > 0 is a constant independent of  > 0.
Suppose first that l(Q)  diam(supp(μ))/20. From the conclusion of Step I, it follows that
T is bounded from L∞(μ) × L∞(μ) into RBMO(μ), which together with Definition 2.1 gives
us that∫
Q
∣∣T(a1, a2)(x) − mQ˜(T[a1, a2])∣∣dμ(x) ‖a1‖L∞(μ)‖a2‖L∞(μ)μ
(
3
2
Q
)
.
So the proof of (3.9) can be reduced to proving that∣∣mQ˜(T[a1, a2])∣∣ ‖a1‖L∞(μ)‖a2‖L∞(μ). (3.10)
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We have known that Q,Q0 ⊂ R, KQ,R  1, KQ0,R  1 and dist(Q0,Q) l(Q). Recall also that
Q0 is doubling. One can easily check that∣∣mQ0(T[a1, a2])− mQ˜(T[a1, a2])∣∣ ∥∥T(a1, a2)∥∥∗  ‖a1‖L∞(μ)‖a2‖L∞(μ). (3.11)
Moreover, by (1.2), dist(Q0,Q) ∼ d0 and l(Q) < d0, we obtain that for y ∈ Q0,∣∣T(a1, a2)(y)∣∣ ∫
Q
∫
Rd
|a1(z1)a2(z2)|
(|x − z1| + |x − z2|)2n dμ(z2) dμ(z1)
 ‖a2‖L∞(μ)
∫
Q
|a1(z1)|
|x − z1|n dμ(z1)
 μ(Q)
dn0
‖a1‖L∞(μ)‖a2‖L∞(μ)
 ‖a1‖L∞(μ)‖a2‖L∞(μ).
Then we have∣∣mQ0(T[a1, a2])∣∣ ‖a1‖L∞(μ)‖a2‖L∞(μ). (3.12)
The estimates (3.11) and (3.12) lead to (3.10) in this case.
Suppose now that l(Q) > diam(supp(μ))/20. Consider the same construction of {Qj }Jj=1 as
in Step I and set
a1j =
χQj∑J
k=1 χQk
a1.
Since (3.9) is true if we replace Q by 2Qj which contains the support of a1j , by (1.2), we have∫
Q
∣∣T(a1, a2)(x)∣∣dμ(x)

J∑
j=1
∫
Q\2Qj
∣∣T(a1j , a2)(x)∣∣dμ(x) + J∑
j=1
∫
2Qj
∣∣T(a1j , a2)(x)∣∣dμ(x)

J∑
j=1
∫
Q\2Qj
∫
Qj
∫
Rd
|a1j (z1)a2(z2)|
(|x − z1| + |x − z2|)2n dμ(z2) dμ(z1) dμ(x)
+ ‖a1‖L∞(μ)‖a2‖L∞(μ)
J∑
j=1
μ(3Qj)
 ‖a2‖L∞(μ)
J∑
j=1
∫
Q\2Qj
∫
Qj
|a1j (z1)|
|x − z1|n dμ(z1) dμ(x) + J‖a1‖L∞(μ)‖a2‖L∞(μ)μ
(
3
2
Q
)
 J‖a1‖L∞(μ)‖a2‖L∞(μ)μ
(
3
2
Q
)
.
Thus (3.9) also holds in this case.
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H 1(μ) and f2 ∈ L∞(μ),∥∥T(f1, f2)∥∥L1(μ)  C‖f1‖H 1(μ)‖f2‖L∞(μ), (3.13)
where C > 0 is a constant independent of  > 0.
For f1 ∈ H 1(μ), we have the decomposition
f1 =
∑
j
b1,j ,
where b1,j ’s are ∞-atomic blocks defined as in Definition 2.2 such that∑
j
|b1,j |H 1,∞atb (μ)  2‖f1‖H 1(μ).
Let R1,j be a cube such that supp b1,j ⊂ R1,j . For each fixed j , decompose b1,j as
b1,j (x) = r11,j a11,j (x) + r21,j a21,j (x),
where rl1,j for l = 1,2, is a real number, |b1,j |H 1,∞atb(μ) = |r
1
1,j | + |r21,j |, al1,j for l = 1,2, is
a bounded function supported on some cube Ql1,j ⊂ Rj and satisfies∥∥al1,j∥∥L∞(μ)  [μ(8Ql1,j )KQl1,j ,R1,j ]−1.
Write∫
Rd
∣∣T(f1, f2)(x)∣∣dμ(x) = ∞∑
i=1
∫
Rd
∣∣T(b1,i , f2)(x)χRd\2R1,i (x)∣∣dμ(x)
+
∞∑
i=1
∫
Rd
∣∣T(b1,i , f2)(x)χ2R1,i (x)∣∣dμ(x)
= V1 + V2.
From the moment condition of b1,i , (1.2) and (1.4), it follows that for x ∈ Rd \ 2R1,i and fixed
y2 ∈ Rd ,∣∣T(b1,i , f2)(x)χRd\2R1,i (x)∣∣

∫
Rd
∫
Rd
∣∣K(x,y1, y2) − K(x,xR1,i , y2)∣∣
× ∣∣b1,i (y1)f2(y2)∣∣dμ(y1) dμ(y2)χRd\2R1,i (x)
+ 1
2n
∫
Rd
∫
Rd
∣∣b1,i (y1)f2(y2)∣∣χ{|x−y1|<2}(x)χ{|x−y2|<2}(x) dμ(y1) dμ(y2).
Therefore,
V1 
∞∑
i=1
∫
Rd\2R
∫
Rd
∫
Rd
l(R1,i )δ|b1,i (y1)f2(y2)|
(|x − y1| + |x − y2|)2n+δ dμ(y1) dμ(y2) dμ(x)1,i
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∞∑
i=1
1
2n
∫
Rd
∫
|x−y1|<2
∫
|x−y2|<2
∣∣b1,i (y1)f2(y2)∣∣dμ(y2) dμ(x)dμ(y1)
 ‖f1‖H 1(μ)‖f2‖L∞(μ).
To estimate V2, further write
V2 
∞∑
i=1
2∑
l=1
∫
Rd
∣∣T(λl1,ial1,i , f2)(x)χ2R1,i\2Ql1,i (x)∣∣dμ(x)
+
∫
Rd
∞∑
i=1
2∑
l=1
∣∣T(λl1,ial1,i , f2)(x)χ2Ql1,i (x)∣∣dμ(x)
= V21 + V22.
By (1.2), it is easy to see that
V21 
∞∑
i=1
2∑
l=1
∫
2R1,i\2Ql1,i
∫
2Ql1,i
∫
Rd
|λl1,ial1,i (y1)f2(y2)|
(|x − y1| + |x − y2|)2n dμ(y2) dμ(y1) dμ(x)
 ‖f2‖L∞(μ)
∞∑
i=1
2∑
l=1
∫
2R1,i\2Ql1,i
∫
2Ql1,i
|λl1,ial1,i (y1)|
|x − y1|n dμ(y1) dμ(x)
 ‖f2‖L∞(μ)
∞∑
i=1
2∑
l=1
K2Ql1,i ,2R1,i
∣∣λl1,i∣∣∥∥al1,i∥∥L∞(μ)
 ‖f1‖H 1(μ)‖f2‖L∞(μ).
On the other hand, by (3.9), we have that
V22  ‖f1‖H 1(μ)‖f2‖L∞(μ),
which completes the proof for (3.13).
An argument similar to the estimate for (3.13) leads to that T is bounded from L∞(μ) ×
H 1(μ) into L1(μ).
We finishes the proof of Theorem 1. 
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